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Abstract

With the increasingly more important role of machine learning (ML) models in chemical research, the need for putting
a level of confidence to the model predictions naturally arises. Several methods for obtaining uncertainty estimates
have been proposed in recent years but consensus on the evaluation of these have yet to be established and different
studies on uncertainties generally uses different metrics to evaluate them. We compare three of the most popular val-
idation metrics (Spearman’s rank correlation coefficient, the negative log likelihood (NLL) and the miscalibration area)
to the error-based calibration introduced by Levi et al. (Sensors 2022, 22, 5540). Importantly, metrics such as the nega-
tive log likelihood (NLL) and Spearman'’s rank correlation coefficient bear little information in themselves. We therefore
introduce reference values obtained through errors simulated directly from the uncertainty distribution. The different
metrics target different properties and we show how to interpret them, but we generally find the best overall valida-
tion to be done based on the error-based calibration plot introduced by Levi et al. Finally, we illustrate the sensitivity
of ranking-based methods (e.g. Spearman’s rank correlation coefficient) towards test set design by using the same toy

model ferent test sets and obtaining vastly different metrics (0.05 vs. 0.65).

Introduction

Machine learning applied to the chemical sciences has
proved itself an important new tool for chemists and in
particular computational chemists. The reported test
error in chemical regression tasks is often similar or
lower than for more computational demanding tasks
such as DFT, making it attractive for especially high-
throughput screening studies. For data driven methods
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such as machine learning there is a strong dependency
on the training data distribution. With the vast and
diverse nature of chemical space, a model with the same
low error across chemical space is currently not realistic.
Therefore, attention within the chemical machine learn-
ing community has lately turned towards quantifying the
uncertainty on property predictions made by machine
learning methods [1-7].

An important aspect of uncertainty quantification
(UQ) methods is how to evaluate the performance of the
uncertainty predictions made by a method. Here, it is rel-
evant to consider some of the typical applications of the
uncertainty estimates. Machine learning models are often
created to be employed in high-throughput screening
studies where the goal is to end up with a few candidate
molecules with high probability of being good at what-
ever they where optimized towards. For this application,
focus will be on the low uncertainties being adequately
described with a significantly lower expected error,
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increasing the probability that predictions for the final
candidates are correct. Another important application is
sequential learning strategies such as Bayesian optimiza-
tion and active learning, where the uncertainty estimates
in conjunction with the predicted property are used to
guide the choice of the next pool of training molecules.
Since the uncertainty estimate associated with a molecule
is directly linked to its probability of being picked, here
the priority would be a decent performance across the
range of uncertainties, especially the large ones.

Several studies assessing the performance of different
UQ methods exist, see e.g. [3, 4, 7, 8]. Such comparison
studies are challenged by the fact that the true uncertain-
ties are generally not available. Rather the UQ methods
are evaluated based on a single error-observation for
each predicted uncertainty. Since no obvious evalua-
tion metric exists, different studies use different evalua-
tion metrics. Three of the popular evaluation metrics are
Spearman’s rank correlation coefficient, the miscalibra-
tion area and the negative log likelihood (NLL). Some
studies employing UQ estimates use all three evaluation
metrics [3, 9] while some use one of them [8, 10, 11].
However, as pointed out by Hirschfeld et al. [3] in their
benchmark study comparing a multitude of UQ methods
on several datasets these three evaluation metrics do not
necessarily agree on which UQ estimates are better.

Another option for evaluating the UQ estimates is
based on the error-based calibration recently proposed
by Levi et al. [12]. While application of this metric has
seen some adoption within UQ for molecular machine
learning [4, 6], there has been no head-to-head compari-
son of the error-based calibration metric versus the three
above-mentioned popular choices applied to chemical
datasets. That is what we do here. Through examples
using two different chemical datasets and three differ-
ent UQ methods (ensemble with random forest (RF), the
latent space distance [1] and evidential regression [13])
we demonstrate the superiority of evaluating uncertainty
estimates based on error-based calibration and point to
the drawbacks of the three popular UQ evaluation met-
rics; Spearman’s rank correlation coefficient, the miscali-
bration area and the NLL.

Methods

Models

Model details are collected in the supporting informa-
tion, but here we present a short overview. We use a
series of ML models to predict Crippen logP [14] from a
recent study [15] combined with different UQ methods
for obtaining uncertainty estimates. Here, we test two
kinds of models: random forest (RF) trained on ECFP4
fingerprints and graph convolutional neural networks
(GCNNs). As RF models are ensemble models, there is
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an intrinsic uncertainty estimate given by the standard
deviation (o) of the tree predictions. Janet et al. suggested
using latent space (LS) distances to quantify uncertainty
when working with deep learning models [1], which we
use as uncertainty estimates for the logP GCNN models.
In addition to the logP models, we train a series of
models on a vertical ionization potential (IP) data set
for transition metal complexes (TMCs) calculated using
B3LYP published by Duan et al. [16]. For this data set we
train two kinds of models: an evidential regression model
recently developed [7, 13] and a simple feed forward NN
where we again use the LS uncertainties for comparison.

Evaluation metrics

We start by briefly introducing the most popular evalu-
ation metrics, followed by a more in-depth discussion of
each. The main assumption behind UQ is that the error
(¢) of the ML prediction (y,) is random and, therefore,
follows a Gaussian distribution N with standard devia-
tion o.

yp—y=e~N(©O0c? (1)

Notice that this does not imply a strong correlation
between ¢ and o since individual random errors can
fluctuate significantly. For example the Spearman rank
correlation (0,4,k) for 10 points, each randomly sam-
pled from a normal distribution with increasing stand-
ard deviations, shown in Fig. 1a is only 0.56. More fine
grained sampling (Fig. 1b) leads to a p,,,x of 0.55. As we
will see in the results section, a more reasonable o-range
for uncertainty estimates on chemical data has the high-
est uncertainties roughly three times higher than the low-
est uncertainties. Looking at the o-range of 0.5—-1.5 (grey
shaded area, Fig. 1b) leads to p,4,x = 0.31.

Because of the poor correlation between individual
errors and the standard deviation, researchers have
explored other metrics for benchmarking the relation-
ship between uncertainty and errors. For example, if we
instead plot the ratio of the random errors and the stand-
ard deviations (Z| = |€|/o; Fig. 2) we see that their dis-
tribution (which is independent of o) follows a normal
distribution with a standard deviation of 1. The extent to
which the Z-distribution differs from the normal distri-
bution can be quantified by comparing their areas, and
the difference is known as the miscalibration area (A,;s;
Additional file 1: Fig. S1). However, a systematic over and
under estimation of the uncertainties at certain o-ranges
can lead to cancellation of errors and small values for
Amis (Flg 3).

The negative log likelihood (NLL) is a function of
both o and |Z| (Eqn. 4) and has also been used for UQ,
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Fig. 1 a Points: a single absolute error (AE) sampled from a normal distribution with standard deviation . x's average absolute error (MAE)
averaged over 100 points sampled from a normal distribution with standard deviation o. The black dashed line is defined by |e| = /2/7 o
coresponding to the MAE of a Gaussian error distribution with standard deviation o. The Spearman rank correlation coefficient is 0.56 and 1.0
for the dots and X’s, respectively. b Same as in (a) but in intervals of 0.01¢. The blue and orange lines are defined by |¢| = 20 and |¢| = 30,
respectively. The Spearman rank correlation coefficient is 0.55 and 0.99 for the dots and x's, respectively
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Fig. 2 Plot of |e|/o vs o for the points shown in Fig 1b The blue and orange lines are defined by |Z| = |e|/o = 2and|Z| = |e|/o = 3, respectively.
Though both the turquoise and green points are sampled from a normal distribution the NLL are different (2.33 and 3.39, respectively). Since
the points are sampled from a normal distribution, the distribution of |Z] values also follow a normal distribution with a standard deviation of 1

where lower values are considered better. However, The only firm correlation between random error and
a lower NLL does not necessarily mean better agree- uncertainty is that o correlates with both the average
ment between uncertainties and errors as illustrated in  absolute error and the root mean square error (RMSE).
Figs. 2 and 3a.
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Fig. 3 a Same as Fig. 2 expect that errors sampled from o < 5 are scaled by 1.25 making the set of errors 25% too high compared

to the uncertainties, o. Similarly the errors for o > 5 are scaled with a factor or 0.8 making these errors 20% too low based on their uncertainties. b
The |Z] distribution for o < 5no longer follows a normal distribution with a standard deviation 1. This half of the |Z]-distribution has a miscalibration
area of 0.07. ¢ Similarly the |Z|-distribution for & > 5 no longer follows a normal distribution resulting in a miscalibration area of 0.07 d However,
the total |Z]-distribution still follows a normal distribution quite well with a close to zero miscalibration area due to cancellation of error

between the problematic behavior of the uncertainties fore < 5and o > 5
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Fig. 4 a Demonstration of error-based calibration. Purple dots: simulated absolute errors (same as Fig. 1b). The errors are divided into bins (here
five) according to their uncertainties. The RMSE and root mean variance (RMV) of each bin of errors is calculated (blue dots). For well-calibrated
uncertainties (as here), the RMSE vs. RMV plot should follow a straight line with a slope of 1 and an intercept of 0. b Error-based calibration

for the error-uncertainty distribution in Fig. 3a which were scaled to create a mismatch between errors and uncertainties. Unlike the miscalibration
area, the error-based calibration metrics catch this mismatch and we see that both linear fit, slope and intercept gets worse
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While # in principle refers to all errors, it also holds for
a suitably large subset, as shown in Fig. 4, and is known
as error-based calibration. As we will show in this paper,
this is the superior metric for UQ validation. Below

follows a more detailed description of how each metric is
calculated and its interpretation.

Spearman’s rank correlation coefficient (0,4,x)
identifies the ability of the uncertainty estimate to rank
the observed errors from low to high. It is calculated
by giving the list of uncertainties and the list of abso-
lute errors an integer corresponding to their magnitude
i.e. the 10th lowest error gets the value 10. The normal
Pearson’s correlation coefficient is then calculated for
the two ranked lists consisting of integers. The idea
in using ranking-based methods such as Spearman’s
rank correlation coefficient to asses UQ quality is that
a lower uncertainty will have a higher probability of
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low error compared to a higher uncertainty. However,
perfect correlation (p,,x = 1) should not be expected
since a high uncertainty can still produce a low error.

Prank does not take absolute magnitude of the uncer-
tainties into account. For two uncertainties of similar
magnitude, there is close to 50% probability that the
lower uncertainty will produce a higher error, so that the
probability of the uncertainties being ranked “wrong”
is high. That probability decreases with increasing dif-
ference in the uncertainties. Thus, the distribution of
the uncertainties has a big impact on the ability to rank
errors according to uncertainties and hence what magni-
tude of p,,,x we should expect. Perhaps that also explains
the differing interpretations of p,,, existing in the liter-
ature. Tynes et al. found p,,,x ranging between 0.2 and
0.65 across tasks for their pairwise difference regression
(PADRE) uncertainty estimates and used this as an indi-
cation that the uncertainty estimator is “a useful proxy
for error across all tasks examined” [2]. Greenman et al.
obtained p,,,x = 0.52 for the ensemble variances and
took this as suggesting that “one should not necessarily
consider the rank order of the prediction uncertainties
to be a good approximation of the rank ordering of the
prediction errors” [17]. Hirschfeld et al. found p,,,x rang-
ing between —0.17 and 0.34 for the lipophilicity data set
when applying a range of UQ methods and concluded
that “no method is able to perform particularly well” [3].

While a negative p,,,x indicates a problem with ones
uncertainties, having obtained a positive p,,,x it is not
clear from the number itself whether one should be
alarmed or satisfied. To account for some of these draw-
backs, we introduce the simulated Spearman’s rank cor-
relation coefficient (pjg;‘k), where errors are randomly
drawn from the predicted uncertainties (assuming
Gaussian errors) and the ,oj%k is calculated based on the
simulated errors. Doing this a number of times (typically
1000) we obtain an expected mean for the p,,,x as well as
a standard deviation. The value of pj%k defines the value
of pyauk one should get for the predicted uncertainty dis-
tribution. Problems can be identified by a big discrepancy
between the simulated and observed values.

Confidence curves are another popular choice of met-
ric belonging to the ranking-based methods. The con-
fidence curve shows the change in test set error as data
points are excluded based on the predicted uncertainty
(highest uncertainty points excluded first). One would
then expect a decreasing curve. The observed confidence
curve is often compared with what one would get for an
“oracle’, which represents the quite unrealistic scenario
that the ranking of the errors and uncertainties are per-
fectly correlated (corresponding to o,k = 1), mean-
ing that the uncertainty predictor is actually an error
predictor. Here we will focus on p,,,x to represent the
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ranking-based metrics but refer the reader to work by
Pernot on the use of confidence curves for UQ validation,
which was published while preparing this manuscript
[18]. Similarly to how we propose the simulated p,,,« as
a reference to Spearman’s rank correlation coefficient,
Pernot suggests changing the reference confidence curve
from an “oracle” to a probabilistic one based on errors
sampled from the predicted uncertainties assuming nor-
mally distributed errors (just like we do for p,).

The miscalibration area (A,,;s) addresses the average
calibration of the uncertainty estimates; is the observed
distribution of errors consistent with what would be
expected from the predicted uncertainty distribution?
The miscalibration area is found by calculating the cali-
bration curve, which plots the observed fraction of errors
vs. the expected fraction of errors. This is done assum-
ing the predicted uncertainties to describe a Gaussian
error distribution. The errors are expressed in terms of
Z-scores (Z; = f;i_) describing the error, ¢;, as a fraction
of its predicted uncertainty, o;. Assuming the uncertain-
ties are correct and the errors are Gaussian, the distribu-
tion of Z-scores should represent a Gaussian distribution
with variance=1. Therefore at |Z| > 3 we expect to see a
fraction of 0.003 of the errors, at|Z| > 2 we expect to see
0.045 of the errors and so on. Scanning through |Z| > x
until x = 0 and plotting the observed vs. expected frac-
tion of Z-scores results in the calibration curve (see
Additional file 1: Section S1 for more details). Perfect
calibration results in a diagonal line and the miscalibra-
tion area is the area between the calibration curve and
the diagonal line.

Since the miscalibration metric assesses average cali-
bration it bears no local information. Therefore one can
have zero miscalibration area (perfect average calibra-
tion) even though e.g. low uncertainties are badly cali-
brated if the bad local calibration is cancelled by another
(opposite) bad calibration at e.g. high uncertainties.
Another important aspect of the miscalibration area is
the assumption of normal errors. As highlighted by Per-
not, such assumptions adds a fragility to the metric, since
a non-zero miscalibration area can be interpreted as both
a sign that the uncertainties are not calibrated or that the
assumption of normal errors was wrong [5]. As an alter-
native, Pernot suggests the Var(Z) = 1 test which makes
no assumption on the error distribution. The test consists
of calculating a 95% confidence interval of Var(Z) using
bootstrap methods and checking whether 1 is part of the
interval. For the confidence intervals, we use the BC,
method [19] as implemented in SciPy [20].

The negative log likelihood (NLL) can be used both
as a loss function to minimize during training as well as
a metric to evaluate the model fitness. When calculating
likelihood one assumes the predicted variances (ol?) to
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describe a Gaussian distribution of errors and multiplies
the value of the probability distribution function for the
observed errors (g;). The average NLL for the test set is
then:

Niest

Z (ln(27r)~|—ln(c7 )+ )

NLL = 4
2Ntest ( )

Given the same error distribution ({¢;}) but two differ-
ent predicted uncertainty distributions, the uncertainties
more likely to have resulted in the observed errors will
have a lower NLL. However, in the context of chemical
ML models, the way of obtaining property predictions
(and hence errors) and the way of obtaining uncertainties
typically go hand in hand. Therefore, the error distribu-
tions are typically not the same and we are not strictly
comparing the uncertainties but also the accuracies of
the models. Since higher accuracy generally leads to
lower NLL, we can easily have two models with the more
accurate model having obtained a lower NLL but still
having completely random uncertainties. Another issue
with the NLL is that it really only makes sense when com-
paring models; the number in itself is basically meaning-
less. For a collection of models with similar NLL it is not
obvious whether all models perform very good, decent or
horrible. Again, to account for some of these drawbacks,
we introduce the simulated NLL, where errors are ran-
domly drawn from the predicted uncertainties (assum-
ing Gaussian errors) and the NLL*"" is calculated based
on the simulated errors. As for pﬁé’n”k, we do this a num-
ber of times (typically 1000) to obtain an expected mean
for the NLL as well as a standard deviation. Discrepancy
between simulated and observed NLL hints to a problem
with the uncertainties.

Error-based calibration was originally suggested as
an UQ validation metric by Levi et al. [12] and is based
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on the expected one-to-one relationship between the
root mean square error (RMSE) for the observed errors
and the root mean variance (RMV). In order to get local
information about the relation between errors and uncer-
tainties, the errors and uncertainties are ordered and
binned according to their predicted uncertainty. For each
bin, consisting of Nj;, samples, the RMSE and RMV is
calculated:

1
RMSE = 2
Nbin i

RMV = Lza?

] i
bin

Plotting RMSE vs. RMV should then produce a linear
plot with slope 1 and intercept 0. As suggested by Pernot
we add 95% confidence intervals to the binned RMSE val-
ues calculated by the BC, bootstrap method [5].

Results

We demonstrate the performance and interplay of the
above described UQ validation metrics on two regres-
sion tasks; the Crippen logP [14] and the vertical IP for
transition metal complexes (TMCs) recently published
by Duan et al. [16].

Crippen logP

In a recent publication [15] we trained 9 random forest
(RF) models on varying training set sizes (from 100 to
150k data points) and used them to show Crippen logP as
a useful benchmark for atom attributions within explain-
able AI (XAI) on regression tasks. Since RF models have
easily obtainable uncertainty estimates in the form of
the variance of individual tree predictions, we reuse the
models here to test the performance of the uncertainty
estimates. The data set used to train the models is a 250k

Table 1 RMSE and UQ evaluation metrics for the 9 RF models trained on Crippen’s logP from [15]. The simulated values, NLL*™ and
,ofgn”k is the average of 1000 simulated sets of test errors based on the predicted uncertainties. The number in parenthesis is the

standard deviation of the 1000 values

Ntrain RMSE R? a b Prank pfg:"k Amis NLL NLLsim

100 1.29 0.84 0.62 0.62 0.1 0.19 (0.01) 0.05 1.73 46 (0.01)
500 1.09 0.85 0.64 045 0.11 9(0.01) 0.03 1.51 1.39(0.01)
1000 1.01 0.85 0.55 045 0.10 9(0.01) 0.00 142 140 (0.01)
5000 093 0.81 0.57 042 0.10 8(0.01) 0.01 1.35 1.29 (0.01)
10,000 0.90 0.82 0.58 040 0.11 0.19 (0.01) 0.01 1.32 124 (O 01)
20,000 0.86 0.86 0.58 0.37 0.1 0.18 (0.01) 0.01 1.26 1(0.01)
50,000 0.81 0.88 061 0.31 0.11 0.19(0.01) 0.00 1.19 1.16 (O 01)
100,000 0.77 0.85 0.67 0.26 0.13 0.20 (0.01) 0.00 1.15 2(0.01)
150,000 0.75 091 0.69 0.23 0.14 21(0.01) 0.01 1.1 09 (0.01)
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molecules subset of the ZINC data base which has been
used in several studies [15, 21-24].

Table 1 shows the test set (consisting of 5000 mol-
ecules) RMSE for the nine RF models with increasing
training set size. The predictive performance clearly
increases with more training data. Table 1 summarizes
the UQ validation metrics described above for the RF
models evaluated on the test set. The error-based cali-
bration is quantified by three measures from the linear
fit of RMSE vs. RMV; the quality of the linear fit through
the R? value, the slope (a) and the intercept (b). Ideally
these values should be 1, 1, and 0. The corresponding
error-based calibration plots are shown in Fig. 5. Three
observations are true for all models: the linear fit is
decent (R? values between 0.81 and 0.91), the slope is too
low (between 0.55 and 0.69) and the intercept is too high
(intercept decreases from 0.62 for the Ny, = 100 model
to 0.23 for the Ny, = 150k model). Both R?-value, slope
and intercept is closest to the ideal value for the model
trained on 150k samples but only for the intercept we

Ntrain= 100

Ntrain=500
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see a gradual improvement as the training set size is
increased. For the two models trained on the least train-
ing data (Ngyin = 100 and Nygin = 500), the RMSE bins
generally lie above the expected identically line. This
means that the observed errors are generally higher than
what would be expected based on the predicted uncer-
tainties and thus the uncertainties are underestimated.
For the remaining models we observe a trend of low
uncertainties being underestimated (RMSE bins above
identity line) and high uncertainties being overestimated
(RMSE bins below the identity line).

All nine models show a bad agreement between
Orank and pﬁg;‘k; the correlation between uncer-
tainty and error is worse than expected for all models
(Orank < pjgn”k). This is indeed what we would expect
based on the error-based calibration plots; the lower-
than-one slope for the error-based calibration indicates
that the difference between predicted low and high
uncertainties is too large. As pj;’:fk is based on the pre-
dicted uncertainty distribution, it will return a higher
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Fig. 5 Error-based calibration plots for the uncertainties based on the nine RF models trained to predict Crippen logP. Each bin contains 250

of the test samples
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number when the uncertainty distribution is predicted
to be wider than what is supported by the errors.

Clearly all models have problems with local miscali-
bration (either under- or overestimated uncertainties).
However, since the miscalibration area, A, evalu-
ates average calibration (assuming Gaussian errors)
only the general miscalibration of the two models with
Nprain = 100 and Nygiy = 500 is caught (Table 1). The
remaining seven models show close to perfect miscali-
bration areas. From the error-based calibration plots
(Fig. 5) we see that the zero miscalibration area stems
from a cancellation of the local miscalibrations: the
under- and overestimated uncertainties cancel in the
calculation of A,,;.

The NLL (both observed and simulated) decreases with
increasing amount of training data. The trend in NLLS""
is solely due to how the predicted uncertainty distribu-
tion changes since it does not depend on the observed
errors. More accurate models means on average lower
error and should be accompanied by smaller uncertain-
ties which would result in lower NLL; this is the trend
we observe in the NLL*””. For many of the models, the
observed NLL is in decent agreement with NLLS", i.e.
we can not say that uncertainties and errors fit better for
the model trained on 150,000 molecules compared to the
model trained on 1000 since both have NLL ~ 2 standard
deviations from NLL*". For some (especially the models
trained on 100 and 500 training samples), there is a big
discrepancy between NLL and NLL*” which points to a
problematic behaviour of the predicted uncertainties. In
particular, the observed NLL is much higher than NLL"
indicating that the errors are generally higher than
expected so the uncertainties are underestimated; we see
this behavior clearly in the error-based calibration plots
for Niygin = 100 and Niygin = 500 in Fig. 5.

The low p,4,x observed for all models could lead one
to conclude that the uncertainties are useless in distin-
guishing high from low error. However, we do see an on
average lower error for low uncertainties and likewise a
higher error for high uncertainties. For the 150k model
there is close to a factor 2 in difference between the
lowest uncertainty bin and the highest uncertainty bin,
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meaning that the probability of getting a high/low error is
indeed higher for a high/low uncertainty.

As suggested by Pernot [5], we also use the Var(2)
~ 1 and the w(2) 2 0 test to check for average calibra-
tion and bias, respectively. The results for the RF mod-
els are summarized in Additional file 1: Table S6 and
analyzed in Additional file 1: Section S5. In short, these
tests also reveal problems with average calibration for the
Nygin = 100 and Nyyi, = 500 models and these models
are also seen to be biased (a tendency of overshooting the
logP value). The remaining models are generally closer
to being average calibrated but only the Ny, = 1000
model as well as the two models with most training data
(Ngrain = 100k and Ny, = 150k) pass the test for being
average calibrated. This is contrary to the conclusions
drawn based on the miscalibration area, A,,;; (Table 1)
highlighting how even evaluation metrics targeting the
same property of the uncertainties can lead to different
conclusions.

We now turn to latent space uncertainties [1] from
GCNN models, also trained on Crippen’s logP. We train
two GCNN models; one with a training set with 10k data
points (9k for training and 1k for validation) and one
trained with 150k data points (145k for training and 5k
for validation). Note that the model trained with 150k
data points was published as part of the above mentioned
study [15]. The 10k and 150k data sets are the same as
was used for the RF models above.

The change in model from RE/ECFP4 to GCNN results
in a significantly lower test set error: 0.28 for 10k and
0.16 for 150k. For the uncertainties, we test two ver-
sions of the latent space (LS). The GCNN consists of a
graph convolutional network (GCN) ending in a pooling
layer resulting in a vector representation of the molecule
which is followed by a fully connected neural network
(NN) ending in a prediction. LS-NN represents uncer-
tainties based on the last layer of the NN and LS-GCN
represents uncertainties based on the learned molecular
feature vector. The latent space uncertainties are derived
from the average distance in latent space of a test data
point to the k nearest neighbors in the training set. We
use k = 10 throughout this work.

Table 2 UQ evaluation metrics for the latent space uncertainties of a GCNN model trained on 9k+1k data points of Crippen’s logP. For
NN uncertainties, the latent space used is the very last layer of the NN. For GCN uncertainties, the latent space is the vector right after

the pooling layer (LS-GCN)

LS R? a b Prank p,sl';':k Amis NLL NLLSm

NN; ok 0.31 1.12 -0.05 -0.04 0.07 (0.01) 0.07 0.14 0.17(0.01)
NN 50k 0.91 1.20 -0.03 0.17 0.24 (0.01) 0.03 -0.50 -0.51(0.01)
GCN; gk 0.24 0.65 0.09 -0.02 0.1 (0.01) 0.07 0.14 0.18 (0.01)
GCN;50k 0.85 1.85 -0.13 0.23 0.13(0.01) 0.05 -046 -045(0.01)
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Fig. 6 Error-based calibration plots for the LS-NN uncertainties based on a GCNN model with a 9k+1k training set consisting of Crippen’s logP
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Fig. 7 Error-based calibration plots for the LS-GCN uncertainties based on a GCNN model with a 9k+1k training set consisting of Crippen’s logP
training data as well as the GCNN model trained on 145k+5k samples. Each bin contains 250 of the test samples. a GCN; g prank = —0.02b

GCN150K prank = 0.23

The UQ evaluation metrics for the LS-NN uncer-
tainties and LS-GCN uncertainties including linear fit
parameters for the error-based calibration are summa-
rized in Table 2. From the error-based calibration plots
(Fig. 6 for the LS-NN uncertainties and Fig. 7 for th LS-
GCN uncertainties) we notice the very poor quality of
the linear fit for the 9k+1k model using either LS-NN
uncertainties (R2 = 0.31) or LS-GCN uncertainties
(R* = 0.24). Thus, while e.g. LS-NN uncertainties with
a 10k training set show close to optimal slope (1.12) and
intercept (—0.05), from the error-based calibration plots,
we see that the 10k uncertainty estimates by no means
follow the expected diagonal line (Figs. 6a and 7a). For
the uncertainty bins with RMV < 0.34 the RMSE-RMV
correlation seems quite random; for the LS-NN uncer-
tainties there even seems to be a negative correlation for
the lower half of the uncertainties. These observations

are in agreement with the close to zero Spearman’s rank
correlation coefficients observed for these uncertainty
estimates (Table 2) suggesting no correlation between
error and predicted uncertainty. This phenomenon of
Z€r0 Pyguk is not uncommon; Hirschfeld et al. observed
Prank values close to zero or negative for a significant
part of the tested UQ methods [3]. The simulated pj;’;’k
is also quite low for the 9k+1k model using either LS-NN
(0.07+0.01) or LS-GCN (0.11+0.01) uncertainties, though
still significantly higher than the observed coefficient
pointing to a rather narrow distribution of predicted
uncertainties but also some problem with the uncertain-
ties, which is obvious from the error-calibration plots.
Thus, based on Spearman’s rank correlation coefficient
we would deem these uncertainty estimates completely
useless. While it is obvious that we should not use these
uncertainty estimates as a way of pointing to samples
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with increased probability of low error, we see that the
very highest uncertainties can be used as a predictor for
a higher probability of high error; a detail lost by looking
at a single-valued metric such as a correlation coefficient.

The performance of the uncertainty estimates changes
completely for the model with 145k+5k training samples.
The LS-NNj50 uncertainties show a much better linear
correlation (R? = 0.91) and the RMSE bins are distrib-
uted around the expected diagonal (Fig. 6b).

We also see a widening of the predicted uncertainty
distribution e.g. a bigger difference between the high and
low uncertainties in terms of model RMSE which fits well
with the increased pﬁi’Zk (0.24+0.01). While the observed
Prank Also increases significantly compared to the Ny, =
10k model (p,4x = 0.17), there is still a discrepancy
between observed and simulated p,,,x. From the error-
based calibration plot (Fig. 6b) this seems to originate
from a lack of ordering within the very lowest predicted
uncertainties.

The quality of the linear fit is also higher for the LS-
GCNis0¢ uncertainty estimates (R?> = 0.85) but now
with a slope almost twice as steep as the ideal. For the
low uncertainties we see that the corresponding error
is generally lower than expected from the uncertainty
estimates; these uncertainties are overestimated. For the
high uncertainties, we observe errors higher than what
is expected from the uncertainty estimates; these errors
are underestimated. This behavior of the uncertainty esti-
mates is also apparent when comparing p,,,x with pjg:fk.
Unlike all other uncertainty estimates we have seen so
far, the LS-GCNj50x uncertainties have a higher observed
Orank than its simulated pﬁggk. As discussed for the RF
uncertainties above, a predicted uncertainty distribu-
tion that is wider than what is supported by the observed
errors, will result in a simulated Spearman’s rank correla-
tion coefficient that is higher than the observed one. Sim-
ilarly, a predicted uncertainty distribution that is more
narrow than what fits the observed errors (as is the case
here) would lead to a simulated Spearman’s rank correla-
tion coefficient that is lower than the observed one.

Based on the A, values, the average calibration is gen-
erally worse for the latent space uncertainties compared
to the RF uncertainties (most severe for the model with
Nyain = 10k). However, as described in the supporting
information, if evaluating average calibration with the
Var(Z) = 1 test, the uncertainties from the Ny, = 150k
model both pass (Additional file 1: Table S7).

The lower RMSE for the model with 150k training
samples is also apparent in the NLL which decreases
(both observed and simulated) compared to the
Nyain = 10k model. Since for each of the two models
(Ntrgin = 10k and Ny, = 150k) we have two sets of
predicted uncertainties; LS-NN; and LS-GCNj, this is
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a case where the error distribution is constant and dif-
ferences in NLL between LS-NN; and LS-GCNj; can be
ascribed to performance of the uncertainties. For the
Nyain = 10k model there is no difference in the NLL
between LS-NN and LS-GCN uncertainties but the
LS-NNjs50x uncertainties show a better model fit than
the uncertainties from LS-GCNjy5q, (NLL of —0.50 vs. —
0.46, Table 2). This is in line with the conclusions drawn
from the error-based calibration plots but opposite of
a conclusion drawn solely based on which has a higher
Prank- The agreement between the observed and simu-
lated NLL is decent and there is no clear trend that the
observed NLL is either higher or lower than the simu-
lated NLL. Thus, no further conclusions can be made
from the NLL test.

We now investigate the LS-GCNjs5q uncertainties a
bit further. In the latent space uncertainty procedure
proposed by Janet et al. [1], the latent space distances
(d) are converted to uncertainties through a linear
relationship:

Vd) =6 +6%-d (6)

The parameters 6p and 61 are found by minimizing the
NLL for the validation set. However, it seems that in
this case the fitting procedure forces the uncertainties to
span a too narrow range, resulting in the systematic local
mis-calibrations observed in the error-based calibra-
tion plot (Fig. 7b). We test a slightly more flexible fitting
procedure:

V(d)=60+6%-d (7)

The only difference is the possibility of a negative offset
to the linear relationship. As this change can in principle
lead to negative uncertainties, which is clearly unphysi-
cal, we set V(d) = 0.0001if V(d) < 0.

The error-based calibration plot for the LS-GCNj50x
uncertainties fitted with Eqn. 7 is shown in Fig. 8.
The local calibration is clearly much better (a simi-
lar re-calibration could have been performed for the
RF uncertainties) and the NLL is lowered to —0.48
(NLL$" = —0.46 £+ 0.01). While the p,4x does not
change when doing a linear re-calibration, the simu-
lated one is now in agreement with the observed
(Prank = 0.23 vs. pfg;’k = 0.24 + 0.01) due to the more
accurate uncertainty distribution. The average calibra-
tion metrics are practically unchanged (both A,,; and
the Z-metrics).

Uncertainties behaving like the LS uncertainties
obtained from the GCNN model with 10k logP train-
ing samples should be used with caution and the
error-based calibration plots reveal the details neces-
sary to do just that. To test whether the problematic
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Fig. 8 Error-based calibration plot for the LS-GCN; 50, uncertainties fitted with Egn. 7 instead of Egn. 6. Each bin contains 250 samples of the test set

uncertainties obtained for the 10k dataset were due
to a “bad” selection of training samples, we repeat the
analysis for four models trained on different 10k sets
of Crippen’s logP values. Results are in the supporting
information (Additional file 1: Tables S11 and S7 and
Figs. S3 and S4) but are generally similar to what is pre-
sented above.

Vertical IP

In this section we will use a data set more representative
of a typical ML dataset within chemical machine learn-
ing. Duan et al. recently published a data set of verti-
cal ionization potential (IP) calculations for transition
metal complexes (TMCs) with a range of different DFT
functionals [16]. The RAC-155 features developed by
the Kulik group [25] are used to represent the transi-
tion metal complexes (TMCs) from which a ML model
for each functional is trained and used to obtain consen-
sus predictions. Here, we exemplify the use of the above
described evaluation metrics by training some simple
feed-forward NNs in PyTorch [26] on the B3LYP data set

(see SI for model details). We train five simple feed-for-
ward NNs as well as five evidential NNs following Amini
et al. [13] and Soleimany et al. [7]. The evidential NN is
designed to predict four parameters (y, v, and ) for
each data sample defining an evidential distribution from
which a mean prediction as well as predictions for both
aleatoric and epistemic uncertainty can be obtained (see
Additional file 1: Section S2 for details).

Five different models are trained with different random
splits (train_test_split from scikit-learn [27] with dif-
ferent random states) of the training data into training
(80%) and validation (20%) sets. The test set RMSE ranges
between 0.55—0.65 eV (Additional file 1: Table S12). Here
we focus on a single set of uncertainties (for the model
trained with random seed 42), but results for the remain-
ing models can be found in the supporting information.

As has been the case in other studies comparing uncer-
tainty evaluation metrics across different models and
data sets, the observed magnitude of the evaluation met-
rics change from what we observed for the logP dataset
(Tables 3 and Additional file 1: S13). While the linear fit

Table 3 EA: UQ evaluation metrics for the evidential uncertainties of an evidential NN model trained on the vertical IP dataset. LS flex:
UQ evaluation metrics for the LS flex uncertainties of one of the five feed forward NN models trained with different random splits of
the vertical IP training data. Random seed 42 is used in both cases

uQ R? a b(ev) Prank oo Amis NLL NLLSm
EV 083 027 035 041 0.56(0.05) 0.07 0.90 0.89(0.04)
LS flex 0.74 085 0.06 022 0.27(0.06) 0.02 087 0.90(0.04)
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Fig.9 a Error-based calibration plot for the epistemic evidential uncertainties one of the vertical IP models. b Distribution of errors

according to their Z-value for the model split with random seed = 42 compared with a Gaussian distribution of width 1. Error-bars are
Poisson.We see that the non-zero miscalibration area is mostly caused by an increased number of low errors compared to what is expected
from the uncertainty-distribution. This is also clear from the error-based calibration plot, where we observe that it is the errors for the high
uncertainties that are significantly lower than what is expected from the corresponding uncertainties, i.e. these uncertainties are overestimated

for the RMSE/RMYV correlation is decent (R* = 0.83), the
observed slope of 0.27 is much too low and the intercept
of 0.35 eV too high. Again we turn to the error-based cal-
ibration plots with bootstrapped 95% confidence inter-
vals to get some more insight into the performance of the
uncertainty estimates (Fig. 9). The lower uncertainties
are quite well-calibrated, but the higher uncertainties are
greatly overestimated.

The Spearman’s rank correlation coefficient
(Prank = 0.41) is higher than what we observed for any of
the uncertainty estimates for the logP data. Meanwhile,
pﬁ;'zk is also much higher (,oj;’gk = 0.56 £ 0.05) reflecting
the uncertainty distribution being much wider in terms
of the model RMSE. The fact that the simulated value
is higher than the observed one, makes sense based on
the error-based calibration plots; the difference in RMSE
between high and low uncertainty points is not at all as
big as expected from the uncertainty estimates, since
the high uncertainty points are severely overestimated.
This is an example of an uncertainty estimate with good
performance for low uncertainties, while the magnitude
of the uncertainties becomes questionable in the >1eV
range.

The miscalibration area (Aj;;s) is in the higher range of
what we have observed so far. The A,,;; metric is based
on the assumption that the distribution of Z-errors (that
is errors in fractions of the corresponding uncertainty)
is Gaussian distributed (width=1). Figure 9b shows the
Z-distribution for the errors/uncertainties of this model,
which clearly does not follow the Gaussian dist7ribution.
Note however, that according to the Var(Z) = 1 test,
these uncertainties are accepted as being average cali-
brated ({ Var(Z)) = 1.03, Additional file 1: Table S8)).

Since the optimum values of both NLL and Spearman’s
rank correlation coefficient are highly dependent on the
nature of the test set and model itself (which defines the
test set uncertainty and error distributions), the informa-
tion that can be gained from these metrics in themselves
is limited. This highlights the need for suitable refer-
ence values (NLL* and pﬁ;'f‘lk). However, in this case the
observed NLL is within one standard deviation of the
simulated value and does imply any problem with the
uncertainties.

Again, the by far most informative metrics on the
uncertainties were based on the error-based calibration
plots.

Error-based re-calibration

An option to get better calibrated errors for the eviden-
tial epistemic uncertainties is to tune the hyperparam-
eter, 1. A is a parameter in the evidential loss function
determining to what degree it should be prioritized that
evidence is lowered for high-error points during train-
ing (see Additional file 1: Section S2 or Amini et al. [13]
for details on the evidential loss function). As an exam-
ple, results for 2 = 0.1 is presented in section S3, but for
a more detailed analysis of the effect of 4 for evidential
models see [28]. Another option is to re-calibrate the
uncertainties post training. A popular approach for such
re-calibration is a linear re-calibration where the linear
parameters are determined by minimizing the NLL on
the uncertainties+errors (under assumption of Gauss-
ian errors) of the validation set. This approach was used
for the latent space uncertainties and has been applied
in several UQ studies [1, 3, 6, 12]. We propose another
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Fig. 10 Before and after re-calibration of the model with training data split into training and validation set with random seed = 19 and 4 = 0.1

simple option, that does not assume Gaussian errors,
which is to simply use the fitted slope and intercept from
a RMSE/RMV plot of the validation set to re-calibrate the
uncertainties according to:

Ocql = Slope,;; - 0 + intercept, (8)

As this is also a linear re-calibration, we will only get
good calibrated uncertainties, if there is a strong linear
correlation between RMSE and RMV. Figure 10 shows
an example of the error-calibration plot before and after
re-calibration according to the validation set following
Eqn. 8 for one of the models with 4 = 0.1 (random seed =
19 for the training data split). After the re-calibration, the
RMSE vs RMV plot is in agreement with perfect error-
based calibration (all 95% confidence intervals of the
RMSE bins overlap the identity line).

For comparison, we also train some simple feed for-
ward NNs with the same training-validation splits as
for the evidential models, and analyse the LS uncertain-
ties (details on model architecture in Additional file 1).
The RMSE is similar to that of the evidential models
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(Additional file 1: Table S14). The uncertainty distribu-
tion fitted with Eqn. 6 have similar problematic behav-
iour as we observed for the LS-GCNj 50 uncertainties for
the logP regression models (e.g. prank > pi;’;;k and slopes
generally too high, see Additional file 1: Section S4).
Here, we focus on the uncertainties fitted with the more
flexible linear relationship (Eqn. 7) with UQ evaluation
metrics are summarized in Table 3.

In this case, the linear fit is decent but not great (R?
=0.74). Note that some of the models with different train/
validation splits show much better linear correlation with
R%-values of 0.96 and 0.97 (Additional file 1: Fig. S6). The
slope and intercept are both pretty good (close to 1 and
0, respectively and from the error-based calibration plots
(Figs. 11a and Additional file 1: Fig. S6) we do generally
see good local calibration. In particular, unlike most of
the uncertainty estimates analyzed above, we do not see
systematic over or underestimated uncertainties. This is
also reflected in the Spearman’s rank correlation coeffi-
cient (0yzux = 0.22) which is in good agreement with the
simulated value (p5”", = 0.27 + 0.06).

rank —

S S 2 o : : ;
error (Z)

Fig. 11 a Error-based calibration plot for the LS uncertainties (fitted with Egn. 7) of one of the five vertical IP models. b Distribution of errors
according to their Z-value for the model split with random seed = 42 compared with a Gaussian distribution of width 1. Error-bars are Poisson
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The miscalibration area is significantly lower than for
the evidential uncertainties (0.02 vs 0.07). The Var(Z) = 1
test is also in agreement with average calibration. Com-
paring the Z-distribution from the random seed = 42
models (Figs. 9b and 11b), we see that in this case the LS
Z-errors are in much better agreement with a Gaussian
distribution. This explains the better agreement between
Var(Z) and A,;;s since A,,;s is based on the assumption
that errors are Gaussian. Again, the NLL is within one
standard deviation of the simulated value, consistent with
good overall uncertainties.

One can easily imagine a situation like this, where two
models perform similarly based on the test set RMSE, but
very differently w.r.t the uncertainty-error distribution.
Which model to choose then depends on a consideration
of the intended application. If the goal is to get a sample
of predictions with as low error as possible, one might
choose a model with uncertainties performing similarly
to those in Fig. 9a even if it shows bad calibration for
higher uncertainties. If one is looking for a more “general
purpose” uncertainty estimator one might go with some-
thing like those showed in Fig. 11a.

Design of the test set

From the above examples, it should be apparent that
the distribution of test set uncertainties is a key factor
determining what we can expect from the UQ validation
metrics. Especially ranking-based UQ validation metrics
are sensitive to the uncertainty distribution, e.g. for the
models presented here we observed p®*”, values ranging
between 0.04 (practically no correlation expected) and
0.57. A high p,,,« is only possible if the test set uncer-
tainties are well separated (wide distribution). In other
words, there should be a big difference in the model
performance across different parts of the test set. Thus,
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if one wants to be able to test the ability of the UQ esti-
mates to distinguish between very high and very low
uncertainty predictions, it is important to think about
the design on the test set. Many ML models in chemical
research are still trained and tested based on a random
split of some data set. Assuming a relatively homogene-
ous data set we should not expect an especially big dif-
ference in model performance across the test set. How to
design training and test set in order to test e.g. the ability
of the model to generalize is subject to increasing atten-
tion in the chemical ML literature and we expect similar
considerations on test set design for UQ validation to be
important going forward.

Here, we illustrate the effect of how the test set is
designed on a ranking-based method such as p,uux
through a simple toy example introduced in the origi-
nal deep evidential regression paper by Amini et al.
[13]. Amini et al. tested the performance of their epis-
temic evidential uncertainties by training a model on
y = x3 4+ ¢, with € drawn from a Gaussian error distri-
bution with standard deviation 3 representing the alea-
toric uncertainty. They train the evidential model in the
range Xyqin € [—4; 4] but test in the range Xyesr € [—6; 6]
resulting in a very convincing plot (Fig. 3 in [13]) show-
ing how the uncertainty (and error) increases out-
side the training interval, where the model is forced to
extrapolate.

Similarly, we train a model with X, € [—4; 4] but
use the same model on two different test sets; one with
samples drawn within the training set range [-4;4] and
one with samples drawn in the range [-6;6] as in the
original study where 1/3 of the test samples are outside
of the training set interval. Figure 12 illustrates the dif-
ferent situations and are accompanied by the corre-
sponding Spearman’s rank correlation coefficients (0.05
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Fig. 12 Results for model trained on 50,000 samples (Xqin € [—4,4]). The shaded area represents the epistemic uncertainty. a test set of 1000
samples uniformly sampled from Xest € [—4: 4], o571, = 0.27+0.03, b test set of 1000 samples uniformly sampled from Xes; € [—6: 6] pfﬂk =
0.65+0.02
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vs 0.65). Note that while pj;’:l’k = 0.65 + 0.02 is in good
agreement for the test set containing out-of-distribu-
tion (OOD) samples, that is not the case for the test set
within the training distribution (pj;’:l’k = 0.27 £ 0.03)
which indicates that the uncertainties within the train-
ing distribution but close to the border are overesti-
mated. This clearly illustrates the effect of how the test
set is designed on ranking-based metrics; if we want to
test the UQ method’s ability to distinguish between high
and low uncertainty prediction we have to design the test
set accordingly. Another point should also be noted here;
a method for testing the ability of a model to generalize
is to compare model error for an in-distribution test set
with an OOD test set. Success is in this scenario as lit-
tle difference in test error/model accuracy as possible.
However, for uncertainty predictions we should expect
a change in the ranking-based metrics as we add OOD
data points to the test set.

Conclusions and outlook

The ability to assign confidence to predictions is becom-
ing an increasingly important aspect of molecular ML.
Therefore, the ability to evaluate whether the uncertainty
estimates of an uncertainty quantification (UQ) method
are reasonable is required. We present a comparison of
the error-based calibration method recently proposed by
Levi et al. [12] and three popular methods for the evalu-
ation of uncertainty estimates; Spearman’s rank correla-
tion coefficient, the miscalibration area and the negative
log likelihood (NLL). We apply the evaluation metrics to
uncertainty estimates for two different chemical datasets
and three different UQ methods and find the error-based
calibration to be the superior choice for UQ evaluation.
For the NLL and Spearman’s rank correlation coefficient
specifically, we found that the introduction of simulated
reference values was necessary for these metrics to bear
any meaning.

In agreement with previous studies, we found quite
varying performance across validation metric, target
property and method [3]. However, while several sets
of uncertainty estimates did not perform optimally, all
uncertainty estimates studied here possessed valuable
information. The important part is then to be aware of
the limitations and strengths and for this we found the
error-based calibration plots to be an extremely powerful
tool for getting detailed information of the uncertainty
estimates. In fact most conclusions obtained from the
remaining metrics could be drawn directly from analyz-
ing the error-based calibration plot.

Though Gaussian errors are typically assumed
(importantly both NLL and miscalibration area relies
on this), we found multiple examples of non-Gaussian

Page 150f 17

error distributions, which can lead to different conclu-
sions for average calibration depending on what metric
is looked at (e.g. the miscalibration area (A,,;s) or the
variance of the Z-score, that is error as a fraction of its
uncertainty (Var(2))).

In cases of bad calibration (either average or local)
one can do a re-calibration based on a validation set.
Typically this is done by minimizing the NLL for the
validation set. The NLL assumes normally distributed
errors, so as an alternative we propose a re-calibration
based on the linear error-based calibration fit of the
validation set.

While good uncertainty estimates can hold extremely
useful information about the degree of trust one should
put in a ML prediction, they have yet to become a
standard part of chemical ML studies. We believe one
of the reasons for that is the lack of consensus on how
to best benchmark the uncertainty estimates. One part
of reaching that consensus is using an appropriate met-
ric as described above. Another part is figuring out how
best to design test sets that actually test the perfor-
mance of the uncertainties on the intended objective.

One of the important use-cases for uncertainty esti-
mates is in sequential learning applications such as
Bayesian optimization and active learning. While sev-
eral studies on sequential learning applied to chemical
datasets have emerged [8, 29], it is often concluded that
a greedy search strategy works best i.e. one that ignores
the uncertainty estimates. One question to ask is then
whether these observations are due to the search strategy
itself or due to problems in the calibration of the uncer-
tainty estimates. Consider using the uncertainty esti-
mates presented in Fig. 9a for active learning. The highest
uncertainties are greatly overestimated compared to the
lower/medium uncertainties. These molecules would be
over-sampled to a degree that is unwarranted when con-
sidering the actual expected error. The first step towards
answering the question above is to have a proper way of
evaluating ones uncertainty estimates. We believe the
work presented herein will provide a starting point for
chemical ML users for incorporating uncertainties in
their work in an informed manner.
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